We consider a uniform finite difference method for nonlinear singularly perturbed multi-point boundary value problem on Shishkin mesh. The problem is discretized using integral identities, interpolating quadrature rules, exponential basis functions and remainder terms in integral form. We show that this method is the first order convergent in the discrete maximum norm for original problem (independent of the perturbation parameter ε). To illustrate the theoretical results, we solve test problem and we also give the error distributions in the solution in Table 1 and Figures 1-3. 
Introduction
In this paper we shall consider singularly perturbed multi-point nonlinear problem Singularly perturbed differential equations arise many applications such as, fluid mechanics, chemical-reactor theory, the Navier-Stokes equations of fluid flow at high Reynolds number, control theory, electrical networks, and other physical models. In recent years, singularly perturbed differential equations were studied by many authors in various fields of applied mathematics and engineering. For examples, Cziegis [1] studied the numerical solution of singularly pertürbed nonlocal problem. Cziegis [2] analyzed the difference schemes for problems with nonlocal conditions. Bakhvalov [3] investigated on optimization of methods for solving boundary-value problems in the presence of a boundary layer. Amiraliyev and Çakır [4] applied the difference method on a Shishkin mesh to the singularly perturbed three-point boundary value problem. Amiraliyev and Çakır [5] researched a uniformily convergent difference scheme for singularly perturbed problem with convective term end zeroth order reduced equation. Amiraliyev and Çakır [6] studied numerical solution of the singularly perturbed problem with nonlocal boundary condition. Amiraliyev and Duru [7] estimated a note on a parameterized singular perturbation problem. Amiraliyev and Erdoğan [8] studied uniform method for singularly perturbed delay differential equations. Amiraliyeva, Erdoğan and Amiraliyev [9] applied a uniform numerical method for dealing with a singularly perturbed delay initial value problem. Adzic and Ovcin [10] studied nonlinear spp with nonlocal boundary conditions and spectral approximation. Amiraliyev, Amiraliyeva and Kudu [11] applied a numerical treatment for singularly perturbed differential equations with integral boundary condition. Herceg [12] studied the numerical solution of a singularly perturbed nonlocal problem. Herceg [13] researched solving a nonlocal singularly perturbed problem by splines in tension. Çakır [14] studied uniform second-order difference method for a singularly perturbed three-point boundary value problem. Geng [15] applied a numerical algorithm for nonlinear multi-point boundary value problems.
In this study we present uniformly convergent difference scheme on an equidistant mesh for the numerical solution of the problem (1)- (3) . The difference scheme is constructed by the method integral identities with the use exponential basis functions and interpolating quadrature rules with the weight and remainder terms in integral form [5] - [7] . In Section 2, the asymptotic estimations of the problem (1)-(3) are established. The difference scheme constructed on Shishkin mesh for numerical solution (1)- (3) is presented in Section 3 and in Section 4. We prove that the method is first-order convergent in the discrete maximum norm. In Section 5, a numerical example is considered. The results show that the uniform finite difference method on Shishkin mesh is more powerful method than other methods for nonlinear singularly perturbed multi-point boundary value problem.
The Continuous Problem
In this section, we describe some properties of the solution of (1) 
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solution of this problem. So, the solution of the Equation (1) satisfies the inequalities
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where, C 0 and C are constants independent of ε. Proof. We rewrite the Equation (1) . Hence, we use intermediate value theorem for 
Now, let ( )
according to the Equation (3). We can write the solution of the Equation (9) as follows
where ( ) v x is solution of the Equations (11), (12) .
First, we prove the estimate ( )
Second, we prove the estimate ( )
According to the Equation (4), λ is a finite number. Then, from the Equations (13), (14) we have the following inequality
we now prove the estimate the Equation (8) . If ( ) u x ′′ is pulled from the Equation (9), we obtain
and from the Equation (16)
Now, we take derivative of the Equation (9) and if it called ( ) ( ) 0 u x v x ′ = , the Equation (9) takes the form with boundary condition ( ) ( ) ( )
Now, we proceed with the estimation of
, respectively, from the Equation (7) ( ) ( ) ( ) ( ) 1 .
We use the following relation for
the Equation (21) (7)- (17) ( ) ( ) ( ) ( )
In a similar manner, the Equation (21) with the values ( ) ( ), 1 , 1, 1 g x u x x α ε β = = − = = and from the Equations (7)- (17) ( ) ( ) ( ) ( )
We write the solution of the Equations (18), (19) in the form,
where ( ) ( ) 1 2 , v x v x are respectively the solution of the following problems,
According to the maximum principle in the Equations (24), (25), we can the following Barrier function, ( 
v x C ≤
In a similar manner, according to the maximum principle in the Equation (26), we can write
is the solution of the following problem with constant coefficient,
where ( ) v v
after some arragement, we can obtain, 
which leads to the Equation (8).
Discretizaton and Non-Uniform Mesh
Let us consider the following any non-uniform mesh on [ ] 0,1 ,
We present some properties of the mesh function ( ) g x defined on N ω , which is needed in this section for analysis of the numerical solution.
Now, We will construct the difference scheme for the Equation (1). First, we integrate the Equation (1) over 
After doing some calculation
where ( ) ( ) ( )
and ( )
So, from the Equation (37), the difference scheme is defined by
Now, we define an approximation for the second boundary condition of the Equation (1). We accepted that 
We will use the Shishkin mesh to be ε-uniform convergent of the difference scheme the Equations (42) 
where, N is even number, 1 σ  .
Error Analysis
Let z y u = − , N x w ∈ , which is the error function of the difference scheme the Equations (42), (43) and the solution of the discrete problem Proof. We evaluate the Equation (38) and the Equation (41), respectively ( ) ( ) ( )
In the beginning, we consider the case 
where for 
Analogously for We rewrite the the Equation (50) for 4
We take integrate in the Equation (58) and so 
we rewrite the Equation (59) with the Equation (60) and the Equation (61), thus,
We use in a similar way as above for 3 4
N i =
, and so 1 3 4 ln .
Next, we use estimate for the remainder term r: From the Equation (41) we can write ( ) ( ) ( )
from the Equation (8) ( ) 
Numerical Example
In this section, an example of nonlinear singularly perturbed multi-point boundary value problem is given to illustrate the efficiency of the numerical method described above. The example is computed using maple 10.
Results obtained by the method are compared with the exact solution of example and found to be good agreement with each other. We compute approximate errors 
The system of the Equations (68)- (70) is solved by the following procedure, 
For this reason, the described procedure above is stable. Also, the Equations (42)- (44) has only one solution. Now, we consider the following test problem,
which has the exact solution, The numerical results obtained from the problem of the difference scheme by comparison, the error and uniform rates of convergence were found and these are shown in Table 1 . Consequently, numerical results show that the proposed scheme is working very well.
The results point out that the convergence rate of the established scheme is really in unision with theoretical analysis.
From the graps it is show that the error is maximum near the boundary layer and it is almost zero in outer region in the 
Conclusion
Consequently, the aim of this paper was to give uniform finite difference method for numerical solution of nonlinear singularly perturbed problem with nonlocal boundary conditions. The numerical method was constructed on Shishkin mesh. The method was pointed out to be convergent, uniformly in the ε-parameter, of first order in the discrete maximum norm. The numerical example illustrated in practice the result of convergence proved theoretically.
